By variational methods we consider a p-biharmonic equation with nonlocal term on unbounded domain. We give sufficient conditions for the existence of solutions when some certain assumptions are fulfilled.
Introduction
In this paper, we consider the p-biharmonic equation and some assumptions, approved the results on the existence of infinitely many solutions. The author in [] studied the following fourth-order problem on bounded domain:
By using variational methods the author proved the existence and multiplicity results, which are closely linked to the parameter λ. The function f (x, u) in (.) satisfies the following conditions:
Condition (H  ) implies that f (x, u) and u are of the same order at both u =  and infinity. In our problem (.), however, even for g(x) ≡ , we allow p < r < q or p < q < r; see Theorem .. Therefore, the nonlinear term on the right of (.) does not satisfy (H  ) and (H  ).
For p-biharmonic equations, we refer to [-] and the references therein. In [] , the authors considered the following p-biharmonic equation with Hardy potential:
By the method of invariant set of descending flow, the result on the existence of signchanging solutions was built. In order to get the result, several assumptions are made on f (x, u). Particularly, f (x, u) is required to satisfy the superlinear condition at u = ; more precisely, f (x, u) satisfies
In problem (.), the relation p < r or p < q is also considered; see Theorem .. This, together with g(x), implies that (f  ) does not hold for problem (.).
In the present paper, inspired by [, , -], we consider the p-biharmonic equation (.) with nonlocal term on unbounded domain . By the fountain theorem we prove the existence of infinitely many solutions for problem (.). We also obtain results on the existence of positive and negative energy solutions by the mountain pass lemma and Ekeland's variational principle, respectively. To the best of our knowledge, there seems to be little work on the existence of solutions of problems like (.).
We recall that h(x), H(x), and g(x) are all nonnegative functions, and we make the following assumptions:
We consider problem (.) on the space
 ( ) endowed with the norm
Define the functional related to problem (.) by
In view of (A  )-(A  ), the functional J(u) is well defined. It is not difficult to check that J(u) ∈ C  (X, R) and, for any ϕ ∈ X,
Particularly, this results in
Now, we give the definition of a weak solution for problem (.).
Definition . A function u ∈ X is said to be a weak solution of (.) if, for any ϕ ∈ X,
It is well known that the solutions of (.) are precisely the critical points of the functional J(u).
Our main results are the following.
Theorem . Assume (A  )-(A  ). Suppose that g(x)
≡  and one of the following cases holds:
Then problem (.) has infinitely many solutions.
This paper is organized as follows. In Section , we prove some important lemmas, which will be used in the proof of our main results. In Section , we obtain results on the existence of solutions for problem (.).
Preliminaries
In order to obtain the critical points of the functional J(u), in this section, we build a variational structure and prove some lemmas. We also give a result on compact embedding, which will be used later.
Proof We only prove the compact embedding X → L q ( , H), and the other one can be similarly proved. Denote by B R () the ball centered at  of radius R large enough such
Then, it follows from (A  ) that, for any ε > ,
On the other hand, by (A  ) and the Hölder inequality we obtain that
On the other hand, since the embedding X → L q ( R ) on the bounded domain R is com-
for any ε >  and n > N  . Then, we obtain from (.) and (.) that
which implies that {u n } strongly converges in L q ( , H), and we complete the proof.
In order to get our results by variational methods, we need to verify the Palais-Smale conditions at level c ((PS) c conditions for short).
Lemma . For each of the cases listed below, J(u) satisfies the (PS)
Proof Let {u n } ⊂ X be a (PS) c sequence, that is,
Now, we divide the proof into two steps.
Step . {u n } is bounded in X. In this step, we need to consider the relations of the exponents p, q, r, and p. We only give the proof for the case of r < p < q < p, and the other cases can be proved similarly.
Let θ > p. Then it follows from (.) that
By the Sobolev inequalities and the continuous embedding X → L p * ( ), we get from (A  )-
where c denotes a positive constant that may change from line to line. Then, it follows from (.)-(.) that
Note that since r < p < q < p, {u n } is bounded in X. For the other cases, for example,  < r < p < p < q, we can choose θ = q, for the case p < min{r, q}, we can choose θ such that p < θ < min{r, q}, and the results on the boundedness can be similarly obtained, so we omit the proof.
Step . {u n } has a convergent subsequence in X. Since {u n } is bounded, extracting a subsequence if necessary, we assume that u n u in X. By lemma . we get that
Furthermore, the Hölder inequality yields that
Thus, it follows from (.)-(.) and (A  ) that
On the other hand, by the weak convergence u n u we get that
Therefore, we obtain from (.) and (.) that
as n → +∞.
Consequently, using the standard inequalities
we get that
that is, u n → u in X, and we complete the proof.
In the following, we introduce an important lemma, which will be used to prove the existence of multiple solutions. Note that X is a reflexive and separable Banach space and, therefore, there exist e j ∈ X and e * j ∈ X * (j = , , . . .) such that
Suppose that, for every k ∈ N, there exist
The following lemma will be used in the proof of Theorem ..
Lemma . Assume (A  )-(A  ) and let
Proof By assumptions (A  )-(A  ) and the Hölder inequality we obtain that
Since r < p and q < p, there exist α >  and large ρ >  such that J(u) ≥ α for u X = ρ. Thus, we complete the proof.
Main results and proofs
In this section, we give the proofs of Theorems .-..
Proof of Theorem . We only give the proof for the case of p < r < p < q, and the other cases can be similarly proved. In order to prove Theorem ., we only need to verify conditions (B  )-(B  ) in Lemma .. For this purpose, we define
Moreover, proceeding in a similar manner to that of [], we get that
In view of (.), we obtain from (.) and the Hölder inequality that
as k → ∞ with u X = γ k , which verifies (B  ). Note that since Y k is a finite-dimensional space, all the norms on Y k are equivalent. Therefore, there exists large ρ k > σ k such that J(u) <  with u ∈ Y k and u k = ρ k . Thus, condition (B  ) is satisfied. It is obvious that (B  ) holds by Lemma .. As a result, we get from Lemma . that J(u) admits a sequence of critical points, that is, problem (.) has infinitely many weak solutions.
In the following, we give the proof of Theorem ., and our proof based on the Ekeland's variational principle [] .
Proof of Theorem
for small t > . It follows from (.) and Lemma . that
where ρ >  is given in Lemma ., and B ρ () ⊂ X is an open ball with radius ρ. For ε n →  small enough, we have
Then, by Ekeland's variational principle, there exists {u n } ⊂ B ρ () such that
and
Therefore, relations (.) and (.) imply that Consequently, it follows from (.)-(.) that J (u n ) ≤ ε n . Therefore, there exists a sequence {u n } ⊂ B ρ () such that J(u n ) → C ρ and J (u n ) →  in X * as n → ∞. According to Lemma ., there is a convergent subsequence of {u n } in X, still denoted by {u n }, such that u n → u in X and J(u) = C ρ < . Thus, u is a solution of problem (.). This completes the proof.
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